For any quasi de Sitter background, we show that a recently proposed scalar weak gravity conjecture (sWGC) follows from the swampland distance conjecture, together with the covariant entropy bound. While pointing out the limitations of our argument, we suggest how further generalizations of our result might indicate that the shape of the potential of a scalar field in a low-energy effective field theory gets highly constrained due to the distance conjecture alone, going beyond the refined de Sitter conjecture. We also correct some previous comments regarding cosmological implications of the sWGC.
Introduction
There has been a lot of emphasis in recent times on how fundamental descriptions of nature can be brought closer to observable phenomenology. One of the most promising developments has been how aspects of ultraviolet (UV) physics can show up in model-building for describing phenomena in the infrared (IR). Specifically, it has been postulated that effective field theories (EFTs) can be severely constrained when requirements of a quantum-gravity completion are taken into account [1] . For instance, string theory constructions seem to suggest restrictions on the allowed shape of potentials for a scalar field, even when viewed as a low energy EFT coupled to gravity [2] . If true, these type of requirements point towards a very powerful test of consistency for low-energy models with quantum gravity. The situation, it seems, is qualitatively similar to early days of quantum theory when, say, the angular momentum of an electron was found to take only certain values, as opposed to the unrestricted range allowed by classical physics. Interestingly, almost all of these consistency conditions, the so-called 'swampland conjectures' (see, e.g. [3, 4] and references therein), come in the form of inequalities, reminiscent of the seminal role played by the uncertainty principle in the development of quantum mechanics. These conjectures have their footing in strong logical reasoning and most of them have been tested extensively in string theory constructions and have, thus far, been found to hold true.
The natural next step would be to prove these conjectures from first principles. However, this seems to be a very daunting task as it is and a more tractable problem would be to check the consistency of (some of) these conjectures, assuming one or more of the others to hold. Indeed, this was shown to be the case with the so-called 'de Sitter (dS) swampland conjecture'. Albeit it was initially motivated by the difficulty of constructing meta-stable dS solutions in string theory, it was shown to be true [5] , given the 'swampland distance conjecture' [6] [7] [8] [9] [10] [11] and the covariant entropy bound [12, 13] . We follow a similar philosophy in this work to investigate a recently proposed scalar weak gravity conjecture (sWGC) [14] . Although the authors of [14] had proposed this sWGC from a completely different chain of reasoning, we shall show that it can indeed also be motivated given the swampland distance conjecture, at least for an accelerating universe with a quasi-dS background. We emphasize that our result goes beyond showing the compatibility of the distance conjecture and the sWGC; rather, we arrive at the latter conjecture only by assuming the former and the covariant entropy bound.
We shall conclude with a brief discussion on the phenomenological implications of the sWGC for inflation. In this section, we shall correct a mistake in the original paper [14] 1 and show that this conjecture is far less constraining for inflationary models than what was initially made out to be. We also point out the main limitations of our argument and go on to hypothesize further extensions of our work, specifically how the shape of the potential might possibly be subjected to an infinite number of constraints arising from of the distance conjecture.
The Swampland conjectures
The Swampland conjectures are aimed to categorize apparently consistent-looking low energy EFTs which, when coupled to gravity, cannot be completed in the UV. In other words, these conjectures need to be satisfied by any EFT consistent with quantum gravity. Since string theory is believed to lead to a vast 'landscape' of low-energy EFTs, this implies an even larger 'swampland' of inconsistent EFTs surrounding it (see [4] for a review).
Recently, keeping in mind the difficulty of constructing (meta-)stable dS vacua in string theory with controlled approximations, it was proposed that the gradient of the potential V (φ) for any scalar field must satisfy the lower bound (or, must have very large tachyonic instabilities in the potential) [2, 15, 16] 
where c,c > 0 are O(1) constants. This first bound, inspired by stringy constructions, excludes (meta-)stable dS vacua while the refined version allows for local maxima with large curvatures while still ruling out meta-stable dS. This 'dS swampland' conjecture (1) has led to severely constraining both models of inflation [17] [18] [19] 2 as well as late-time acceleration [28] [29] [30] [31] [32] [33] [34] [35] [36] . In fact, current observational data has also been used to estimate how large the value of these O(1) constants can be: e.g., it was constrained that c < 0.6 from present acceleration of the universe [29] .
Although this 'dS conjecture' was originally primarily motivated by string theory examples, it was shown in [5] that it follows from more general arguments based on the covariant entropy bound for (a causal patch of) dS space and the swampland distance conjecture. The general message of this latter conjecture is that an EFT is valid only for a finite field variation due to the appearance of an infinite tower of states which become exponentially light [6] . The more refined version of this conjecture [4, 9] states the following: Given the moduli space of string vacua parametrized by the expectation value of some fields φ i which have no potential, for two points on this moduli space separated by a large geodesic distance ∆φ > M Pl , there appears an infinite tower of light states with masses m ∼ e −a∆φ/M Pl for some O(1) parameter a > 0. The kinetic term of the scalar fields provide a metric for measuring distances in field space. This conjecture has not only been extensively tested in string theory (see, for instance, [37, 38] ), but also generalized in the presence of scalar potentials [7, 8] . Without going into the details of these statements, the widely accepted conclusion of the swampland distance conjecture has been that in any EFT, the field excursion ∆φ has an upper limit and that it cannot be super-Planckian [4] .
Since the 'dS conjecture' seemed to be somewhat radical at first [39, 40] , especially due to its implications for inflation, it was reassuring to find that it can be shown to follow logically from the distance conjecture, coupled with Bousso's covariant entropy bound for quasi-dS backgrounds [5] . Indeed, applying this line of reasoning also neutralized an array of counter-examples [41] [42] [43] [44] [45] , which were proposed to invalidate the original 'dS conjecture', through refining it and, in the process, avoiding its application to local maxima in the potential.
The sWGC from the distance conjecture
The general principle that gravity is the weakest force has led to another set of conjectures, collectively known as the the Weak Gravity Conjecture (WGC) [1, 46] 3 . Very recently, it has also been conjectured [14] that for any scalar field, coupled to quantum gravity, the potential of the field must satisfy some constraints such that self-interactions of the scalar field do not become weaker than gravity. This statement, in the case of a single (canonically normalized) scalar field with potential V (φ), is quantified as follows
As has already been discussed in [14] , this conjecture is consistent with expectations from the swampland distance conjecture [6, 9] . In what follows, we shall try to go in the other direction in the spirit of [5] . Assuming the swampland distance conjecture, we shall motivate that the sWGC, as defined above, follows naturally when combined with the covariant entropy bound [12] for an accelerating universe. Let us assume that we have an accelerating background, quantified by the relation |V ′ | ≤ √ 2 V (in terms of the so-called slow-roll parameter, this implies ǫ ≤ 1). From now on, we shall work in Planck units and set M Pl = 1. At parametrically large distances in field space, the distance conjecture implies that towers of states become exponentially light leading to monotonically increasing the number of states, and consequently, the dimension of the Hilbert space. Therefore, if we associate an entropy with an observer's causal patch on a quasi-dS background, then this entropy would increase monotonically with the growing field range. On the other hand, there is a covariant entropy bound which can be applied to the largest possible area -the apparent horizon -of the quasi-dS background. As long as the apparent horizon of the accelerating background remains within the event horizon defined by the late time value of the potential as the field rolls down it, we are allowed to apply the covariant entropy bound to this area. The important step in our procedure is to assume that the entropy of the states in the causal patch of the accelerating background, when the Hilbert space is dominated by the emerging tower of light states, would saturate this entropy bound. It is precisely this assumption which allows us to estimate the behaviour of the potential in terms of the number of light states in the tower. We flesh out the details of this argument in the rest of this section.
More concretely, following [5] , let us assume that a natural measure of the entropy associated with a quasi-dS background can be given by S qdS ∼ R 2 ∼ 1/V , where R is the radius of the apparent horizon. This is done in analogy with the Gibbons-Hawking entropy for dS space [53] , in which case V = Λ is a constant. As the field traverses trans-Planckian distances, one expects towers of light states to descend from the UV as predicted by the distance conjecture. This leads to an increase in the entropy associated with these towers of states. Although it is not established how one can calculate this entropy from a precise counting of microstates, it is still possible to estimate that the entropy would scale as
where γ, δ are some O(1) numbers. For an accelerating universe with an apparent horizon, one can apply the covariant entropy bound [12] to get
When the tower dominates the Hilbert space, i.e. for δ < 2, N increases exponentially and R changes to compensate adequately so as to not have a violation of the bound. In this limit, the covariant entropy bound shall get saturated and we get the relation
The number of light states in the tower is parametrized as [5] 
where n(φ) signifies the effective number of different towers becoming exponentially light, and is expected to increase monotonically with φ, and λ is some O(1) number. We define c = 2λγ/(2 − δ), another O(1) parameter, for future convenience 5 . Given (5) and (6), one can write down the derivatives of the potential as follows (where ′ denotes a derivative with respect to φ)
Given these expressions, we can define a quantity χ(φ) as follows
and check to see if this quantity is always greater than zero, as claimed by the recent sWGC. So far, we did not assume any specific form for n(φ) but in order to proceed with our argument below, we shall need to make some assumptions on the behaviour of n(φ) -the number of light towers emerging in this limit -beyond the natural assumption of monotonically increasing as was done in [5] . Here, we shall further assume that it has a power law behaviour, parametrized as n(φ) ∼ φ α , where α ≥ 1 is a constant. Although such a polynomial dependence is chosen arbitrarily at this point, we note that this has been done only to concretely quantify the field dependence; however, the reliance of our conclusions on this assumption shall be critically evaluated later and ot would be shown that violations of the sWGC would require functional dependence of n with inflection points or concave shapes with large curvatures and other such pathologies. We discuss more about this in the last section. In order to see whether the sWGC is satisfied, given the distance conjecture and the Bousso bound, we plot the χ ≥ 0 as follows. Fig. 1 shows the parameter space where χ(φ) ≥ 0, i.e. the region where the sWGC (Eq. (2)) is valid in the φ − c plane. Figs. 1(a) , 1(b) and 1(c) are plotted for three different values of λ but fixed α. From these figures, we see that as we increase the values of λ the allowed regions keep getting smaller. But if we fix the value of λ and increase the value of α, then we get the opposite behaviour, i.e. the allowed regions keep increasing. Figs. 1(d 
where the sWGC is violated keep increasing. In our plots, φ has been plotted in Planck units and the distance conjecture says that the towers of light states should appear around φ ∼ 1. Thus, assuming the distance conjecture to be true, it makes sense to only check the validity of the sWGC for φ ≤ 1.
Our argument above was to motivate that the sWGC, as defined in (2), follows naturally from the swampland distance conjecture for an accelerating background. However, since we had to use the covariant entropy bound for our proof, we had to rely on some semiclassical notions of entropy of quasi-dS space which, in turn, can only be made when there is a concept of a well-defined apparent horizon. If the instabilities in the potential are so large that quantum fluctuations of the scalar disrupt the background solutions, then no such argument can be made. This is precisely the statement of the refinement in the dS conjecture. If the second derivative of the potential are so large that its magnitude is greater than that of the potential, then the tachyonic instabilities corresponding to this, on horizon scales, would spoil the definition of an apparent horizon. In other words, if we have V ′′ /V < −c, then our argument for the sWGC need not hold anymore. An interesting point to note here is that the sWGC, by itself, states that there can be no massive scalars, coupled to gravity, without higher self-interactions terms.
We emphasize that our previous argument follows after the crucial assumption of having an accelerated background. This point was not so essential in the proof of the refined dS conjecture, since wherever the assumption |V ′ | ≤ √ 2 V fails, i.e. we have the absence of quasi-dS space, the dS conjecture would be manifestly true in those cases [5] . In our case, however, we cannot comment much regarding the validity of the sWGC in the regime when the background is not quasi-dS. As mentioned above, this is because our argument relies crucially on the semi-classical notion of entropy in an accelerating background. Of course, this does not mean that the sWGC is not true elsewhere. This is a limitation of our argument rather than a shortcoming of the sWGC, by itself. We certainly hope that our argument can be generalized beyond accelerating backgrounds in the future in order to derive the sWGC from the swampland distance conjecture. Nevertheless, it is important to mention that quasi-dS backgrounds are typically the most interesting ones for the application of these conjectures in connection to phenomenology, such as the very early universe or even late-time acceleration. Thus, it is important to show a clean derivation of the sWGC, starting from the distance conjecture, for such backgrounds. Finally, note that in [14] , it was emphasized that (2) is a local constraint which must be satisfied for any value of the field and which applies for any scalar in the theory and not for a particular set of WGC states. This is one of the main advantages of this sWGC over previous incarnations of the sWGC. Specifically, a previous version of the sWGC [54] (see also [55, 56] ) required a WGC particle with mass m(φ), coupled to a light scalar φ, such that in the limit of φ becoming massless, one has the relation
In this case, the presence of the WGC particle makes sure that there exists a some interactions of the scalar field which is stronger than that due to gravitational interaction.
It would be nice to be able to also motivate this version of the sWGC coming from the swampland distance conjecture as well. However, for our purposes, the main roadblock that this is applicable only to WGC scalars, and not to any scalar minimally coupled to gravity, seems difficult to overcome.
Cosmological consequences of the sWGC
Let us briefly discuss a few implications of the sWGC when applied to model-building for inflation. It was stated in [14] that plateau-like models such as the Starobinsky potential [57] are incompatible with the sWGC and would require modification at large trans-Planckian distances. However, we point out an error in their conclusion since the authors assumed that models satisfying the sWGC must satisfy the constraint
This condition, of course, follows from (2), only when V ′′ > 0. This subtle point was crucially overlooked in [14] , which led the authors to conclude that for the Starobinsky model, the above quantity is less than 1 beyond certain field range. We correct this misconception in the Fig. (2) below, where we plot χ, as defined in (11), for the Starobinsky model. Although it is true that the model does violate the sWGC, it does so only for a very small range of field values, and more importantly in a region almost beyond the slow-roll part of the potential.
As a consequence of the above-mentioned error, it was also concluded in [14] that linear potentials are naturally favored in inflationary model-building as they are the only ones left unconstrained by the sWGC. Moreover, taking Starobinsky and Higgs inflation as stereotypical examples of plateau-like models, which are currently best fit to explain observational data, it would seem natural to argue that such models would generically face severe tension with the sWGC. However, as explained above, the conflict between such plateau-like models are minimal with the sWGC and generalizations of them can easily be made to evade this conjecture for most part of the required parameter space.
To explicitly show that plateau-like models are not severely in conflict with the sWGC, let us consider a general potential of the form
which never violate (2) for p = 1/2 and q ≤ 1. The plots below explicitly proves our claims (although a quick analytic calculation for q − 1 and p = 1/2 serves as an example for a model which obeys the sWGC and is plateau-like). Fig. 2 shows the allowed parameter space where sWGC is valid in the (φ − q) space for different values of p. From Fig. 2(a) we can see that for p = 1/2 sWGC is valid everywhere for q ≤ 1. As can be seen for Starobinsky-like potentials (p = 1, Fig. 2(b) ) there is a patch where the sWGC is not valid and this patch disconnects two allowed regions. Specifically for the Starobinsky case (black line in the Fig. 2(b) ), a small patch between φ ∼ 1 and φ ∼ 2 is disallowed. This behaviour remains qualitatively the same for any higher values of p as shown in Fig. 2(c) .
Of course, the refined-dS conjecture does rule out these plateau-like models rather more stringently. However, the dS conjecture also puts bounds on super-Planckian field excursions on the linear potential and thus, we can safely conclude that the sWGC alone does not constrain the field space of inflationary model-building much. Implementing the other swampland conjectures would, however, be a much more tighter constraint on all models of inflation, as has already been noted in, say, [19] .
Discussion
One of the major thrusts in recent times has been to identify 'swampland conjectures' which would enable one to categorize consistent EFTs. In the absence of a direct proof of these conjectures from first principles, it would be useful to see how many of them can be derived, starting from some of the others. One of the most tested such constraints is the swampland distance conjecture and, indeed, it has been shown that the so-called 'refined dS conjecture' follows from it, when the covariant entropy bound is taken into account. In this work, we adopted a similar philosophy of applying the distance conjecture and Bousso's entropy bound, which is applicable for a quasi-dS background in the absence of large tachyonic instabilities, to show that a recently proposed sWGC follows from it. In some sense, this is a remarkable result -we show that, at least for an accelerating universe, the fact that gravity is the weakest force naturally emerges from the distance conjecture. We end our analysis by discussing the major assumption of our argument and then a path towards a straightforward generalization of our results. 
Number of towers of light states
The crucial assumption in our argument is the functional dependence of n = n(φ). Going beyond the obvious assumption that n increases monotonically in the limit ∆φ → M Pl , we need to know more about the precise behaviour of higher-derivatives of this function to complete our proof. In this work, we have assumed a polynomial dependence for n ∼ φ α , with α ≥ 1, which seems like a natural choice to us. However, to make our results more concrete, we need to calculate the definite functional dependence of n, which can be done for specific cases such as in weak coupling string regimes or large radius limits 6 . Once we have the explicit behaviour of n for such stringy examples, we can plug that in our estimates for the potential and its derivatives (7)- (10) to rigorously check if the sWGC can be derived from the distance conjecture and the covariant entropy bound.
In the absence of any calculation into the exact form of n, we have also gone on to check which kind of functions of n would violate the sWGC, i.e. lead us to have χ < 0 for some O (1) numbers (c, λ) . Keeping in mind the restriction that n has to be a monotonically increasing function, we find that for specific choices such that n is a concave function of making n more and more concave, increases the regions where the sWGC fails. Violation of the sWGC is also present for n ∼ sin(φπ/2) (Fig. 4) . Figs. 4(a) and 4(b), like Figs. 3(d), 3(e) and 3(f), also show that the lower values of λ are more allowed (resulting in larger allowed range of field excursions). The bottom line from Figs. 3 and 4 is that, for some highly concave functions, sWGC can be violated or, in other words, our derivation for the sWGC would fail to hold starting from the distance conjecture for such choices. Note here that similar observations have already been made earlier in the literature on why it might be possible to rule out a concave nature of n(φ) [58] 7 . In any case, it would be interesting to see if there were other constraints on the shape of n coming from stringy constructions, such that there cannot be a maxima of n for φ ≤ 1 or on how concave n can be, which would rule out even such infractions.
Constraints on the shape of the potential
It has been conjectured that coupling an EFT to quantum gravity leads to severely restricting the form of allowed potentials of the scalar field in the low-energy theory. The remarkable conclusion of [5] was to show that one can come to this result, starting from the distance conjecture and applying the covariant entropy bound, without requiring any information regarding the difficulty of construction of dS vacua in string theory. A straightforward extension of their result was considered in this work to show that one can even arrive at the sWGC from a similar starting point. However, even allowing for the current limitations of our work as outlined in the previous section, one can nevertheless further postulate an infinite number of inequalities on the shape of the potential. To illustrate our point, consider our expression for the second derivative of the potential (8), in the weak coupling limit, when the Bousso bound gets saturated. Indeed, if we get a specific form of the function n from some string theory example, it would be possible to place inequalities relating the second derivative of the potential to the first derivative and the potential itself. (This would be, in essence, further refining the dS swampland conjecture as in [58] .) One can then continue this process iteratively for higher derivatives generally, and not specifically for the particular expression which appears in the sWGC alone. The promise of such a program would be immense -the ability to highly constrain shapes of allowed potentials in low-energy EFTs, coming from quantum gravity, which were hitherto not present when gravity is not taken into account. This also nicely connects to our heuristic comments about similarities between the swampland program and early days of quantum theory made in the introduction. However, we leave this for future work after we are investigate the general form of the function n in some explicit examples.
Let us make a final comment regarding the shape of the potential in the least constrained case. For the dS conjecture alone, this means satisfying the equation V ′ = −c V , leading to an exponential form of the potential. In fact, revisiting the derivation of the refined dS conjecture as in [5] , we find that this (steep) exponential form of the potential satisfies all the higher derivative expressions (7)-(10), provided we do not have large tachyonic instabilities in the potential. In our work, we find that the exponential form of the potential remains the solution for the least constraining case (i.e. when n is a constant function).
Note added: Modified version of the sWGC
While we were completing this work, an updated version of [14] corrected the form of the sWGC. However, the gist of our discussion in the section on its applications to inflationary potentials (Sec. 4) is still applicable to the modified sWGC as we demonstrate as follows. The modified sWGC states that
If we apply our analysis for plateau-like models to plot χ(φ) mod , we can easily see that the discontinuities in χ are now ameliorated due to the absence of V ′′ in the denominator. However, our example of a plateau-like model (Eq. (14)), which obeyed the original form of the sWGC (2), also obeys the modified version (15) . Thus, our main conclusion that the sWGC is not very constraining for inflationary model-building remains valid even in this case. However, even more interestingly, we find that for the modified version of the sWGC, the allowed regions increase manifold as compared to the previous version as one can easily see by comparing the Figs. 2 and 5. In fact, for Starobinsky-like potentials (p = 1), the new version is fully compatible for q > 1 (Fig. 5(b) ). Finally, we also note that, starting from the swampland distance conjecture, we find that the modified sWGC (15) follows exactly as the older version without any changes. This is simply because the older and newer versions only disagree when V ′′ < 0; however, this is not the case for the potential we need to consider for our arguments. As an aside, it is curious to note that the modified sWGC rules out any (strictly) quadratic potential (even with m 2 < 0) which means that there are no allowances for tachyonic instabilities in the potential any longer.
